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leqcia 27-28  

6.2. SemTxveviTi sidideebis sistemebis statistikuri 

maxasiaTeblebi 

miRebulia, rom SemTxeviTi signalebis Tvisebebi 
aRiweros ara marto im Tvisebebis ganxilviT, romelTa 
dakvirveba xdeba drois romeliRac momentSi, aramed am 
sidideebis erTobliobebis SeswavliT, romlebic 
miekuTvneba drois sxvadasxva fiqsirebul momentebs. 
gadavideT msgavsi mravalganzomilebiani SemTxveviTi 
sidideebis  Teoriaze. 

6.2.1. ganawilebis funqcia da albaTobis simkvrive 

vTqvaT mocemulia SemTxveviTi sidideebi  1 2, ,..., nX X X , 

romlebic qmnian n –ganzomilebian SemTxveviT veqtors X . 
erTganzomilebiani SemTxvevis analogiiT am veqtoris 
ganawilebis funqcia      

         1 2 1 1 2 2( , ,..., ) ( , ,..., )   n n nF x x x P X x X x X x . 

misi mopasuxe – n  ganzomilebiani simkvrivis albaToba 

1 2( , ,..., )np x x x akmayofilebs Tanafardobas 

 
1 2 1 2

1 1 1 1

( , ,..., )d d ...d

d ,..., d .

n n

n n n n

p x x x x x x

P x X x x x X x x



      
 

cxadia, ganawilebis funqcia SeiZleba napovni iyos 
albaTobis simkvrivis integrirebis gziT: 

1

1 2 1 2 1 2( , ,..., ) ... ( , ,..., , ) ...     

 

  
nxx

n n nF x x x p d d d . 

nebismier mravalganzomilebian simkvrives gaaCnia 
Tvisebebi, damaxasiaTebeli albaTobis simkvrivisaTvis: 

1 2( , ,..., ) 0;np x x x    

1

1 2 1 2... ( , ,..., , )d d ...d 1.

nxx

n np x x x x x x

 

   

Tu gvecodineba n –ganzomilebiani simkvrive, yovelTvis 
SeiZleba vipovoT m –ganzomilebiani simkvrive, roca 
m n , ”zedmeti” koordinatebis mixedviT integrirebiT:  

1 2 1 2 1( , ,..., ) ... ( , ,..., , )d ...d ;m n m np x x x p x x x x x

 



 

    
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6.2.2. momentebis gamoTvla 

 Tu gvaqvs albaTobis Sesabamisi mravalganzomilebiani 
simkvrive, SeiZleba vipovoT gansaxilveli SemTxveviTi 
sidideebidan nebismieri kombinaciis saSualo 
mniSvnelobebi, da kerZod, gamovTvaloT maTi momentebi.  
Aamgvarad, Tu SemovifarglebiT momavlisaTvis ufro 
mniSvnelovani organzomilebiani SemTxveviTi sididis 
SemTxveviT, (6.4)-is da (6.7)-is analigiiT vipoviT 
maTematikur molodinebs 

                 1 1 1 2 1 2( , )d d ;x x p x x x x





    

                 2 2 1 2 1 2( , )d d ;x x p x x x x





         (6.18) 

da dispersiebs                          

                 
2

2
1 1 1 1 2 1 2( , )d d ,x x p x x x x





    

                 
2

2
2 2 2 1 2 1 2( , ) .x x p x x dx dx





          

(6.19) 
erTganzomilebian SemTxvevasTan SedarebiT axals aq 

warmoadgens meore rigis Sereuli momentis warmoqmnis 
SesaZlebloba 

               12 1 2 1 2 1 2 1 2( , )d dK x x x x p x x x x





         (6.20) 

romelsac uwodeben ori SemTxveviTi sididis sistemis 
kovariacionul moments. 

K6.2.3. korelacia 

davuSvaT, rom Catarebulia cdebis seria, romelTa 
Sedegad yoveldros SeiniSneboda organzomilebiani Sem-

TxveviTi sidide  1 2,X X .PpirobiTad yoveli cdis warmo-

mavloba gamovsaxoT  wertiliT dekartis sibrtyeze. 
SeiZleba aRmoCndes, rom gamomsaxvelobiTi wertilebi 

saSualod ganlagebulni iyvnen  zogierTi wrfis gasw-
vriv (ix. nax. 6.7), ase rom sididis yoveli calkeuli ga-
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mocdisas 1x  da 2x  yvelaze xSirad eqnebaT erTnairi ni-

Sani. Amas mivyavarT imis mosazrebamde, 

rom 1x -sa da 2x -s Soris arsebobs 

statistikuri kavSiri, romelsac ewodeba 
korelacia. 

TumcaRa SesaZlebelia sibrtyeze wer-
tilTa qaoturi ganlagebis SemTxveva (ix. 
nax. 6.8).   

    amboben, rom am dros gansaxilveli  
nax. 6.7            sidideebi arakorelirebulia, e.i. maT    

Soris ar arsebobs mdgradi kavSiri, 
albaTuri azriT. 
O ori SemTxveviTi sididis statis-
tikuri kavSiris xarisxis raodeno-
briv maxasiaTebels warmoadgens maTi 

kovariacionuri momenti 12K  an, rac 

xSirad ufro mosaxerxebelia, kore-  
      nax. 6.8        lacionuri momenti 12R , gansazRvruli 

rogorc namravlis saSualo mniSvneloba 1 1 2 2( )( ) :x x x x   

      12 1 1 2 2 1 2 1 2 12 1 2( )( ) ( , )d dR x x x x p x x x x K x x





           (6.21) 

SemoaqvT aseve korelaciis uganzomilebo koeficienti 

                      12 12 1 2/ ( ).r R                       (6.22) 

im SemTxveviTi sidideebisTvis, romlebic erTmaneTs 

emTxvevian, roca 1 2x x , adgili aqvs tolobas 

                2
11 22 11 22, 1.R R r r     

Tu SemTxveviTi veqtoris ganzomileba  orze metia, 
maSin SeiZleba avagoT yvela SesaZlebeli jvaredini 
koralacionuri momentebi             

1 1... ( )( ) ( ,..., )d ...d , , 1,2,..., ,ij i i j j n nR x x x x p x x x x i j n

 

 

     sadac  

da korelaciis koeficientebi / ( ).ij ij i jr R   , romlebic 

erTiandeba  Semdegi matricis Sesabamisad 
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11 12 1

21 22 2

1 2

...

...

. . . .

...

n

n

n n nn

R R R

R R R
R

R R R

 
 
 
 
  
 

,    

12 1

21 2

1 1

1 ...

1 ...

. . . .

... 1

n

n

n n

r r

r r
r

r r

 
 
 
 
  
 

. 

SeiZleba vaCvenoT, rom yovelTvis 1ijr  , amasTan to-

loba SesaZlebelia mxolod i jx x  pirobisas (mTlianad 

korelirebuli sidideebi). 

6.2.4. SemTxveviTi sidideebis statistikuri 

damoukidebloba 

 Gganmartebis Tanaxmad, SemTxveviTi sidideebi 

1 2, ,..., nX X X  statistikurad damoukidebelia, Tu maTi 

mravalganzomilebiani albaTobis simkvrive SeiZleba 
warmodgenili iyos Sesabamisi erTganzomilebiani 
simkvriveebis namravlis saxiT: 

             1 2 1 1 2 2( , ,..., ) ( ) ( ) ( ).n n np x x x p x p x p x      (6.23) 

statistikurad damoukidebeli SemTxveviTi sidideebi 
erTmaneTTan arakorelirebulia. marTlac, maTTvis 

          ( ) ( )d ( ) ( )d 0ij i i i i i j j j j jR x x p x x x x p x x

 

 

      

roca i j . zogad SemTxvevaSi arasworia Uuku mtkiceba: 

arakorelirebulobidan avtomaturad ar gamomdinareobs 
SemTxveviTi sidideebis damoukidebloba. 

6.2.5. mravalganzomilebiani SemTxveviTi sidideebis fun-

qcionaluri gardaqmnebi 

 davuSvaT, rom ori SemTxveviTi X


da Y

veqtoris Sem-

dgenebi dakavSirebulia calsaxa damokidebulebiT 

1 1 1 2

1 2

( , ,..., ),

.............................

( , ,..., ),

n

n n n

y f x x x

y f x x x





 

amasTan cnobilia uku funqciebi 

1 1 1 2

1 2

( , ,..., ),

.............................

( , ,..., ).

n

n n n

x g y y y

x g y y y




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sawyisi albaTobis simkvrive 1 2( , ,..., )np x x xsaw mocemulia. 

imisaTvis, rom ganvazogadoT formula (6.11) mravalganzo-
milebian SemTxvevaze da gamovTvaloT gardaqmnili veqto-

ris albaTobis simkvrive 1 2( , ,..., )np y y ygar , saWiroa vipovoT 

gardaqmnis iakobiani (iakobiani warmoadgens proporciulobis 
koeficients elementarul moculobebs Soris funqci onaluri 
gardaqmnisas) 

 

1 1 1

1 2

1 2

...

. . . .

. . . .

...

n

n n n

n

g g g

y y y

D

g g g

y y y

  

  



  

  

      (6.24) 

maSin saZiebeli albaTobis simkvrive 

1 2 1 2( , ,..., ) ( , ,..., )n np y y y p g g g D gar saw .    (6.25) 

 

magaliTi 6.4. vTqvaT 1x  da 2x  da sibrtyeze veqtoris bolos 

SemTxveviTi koordinatebia (iv. nax. 6.9). 

gadavideT polarul koordinatebze ( , )  : 

         
1

2

cos , 0

sin , 0 2 .

x

x

  

   

   


  
: 

aseTi gardaqmnis iakobiani 

          
cos cos

.
sin cos

D
  


  


   

amitom Tu mocemulia albaTobis simkvri         nax. 6.9           

 ve 1 2( , )p x xsaw , maSin    ( , ) ( cos , sin ).p p      gar saw  

 

6.2.6. mravalganzomilebiani gausis ganawileba 

 davuSvaT, rom  1 2, ,..., nX X X X


–ganzomilebiani SemTxve-

viTi  sididisTvis cnobilia saSualo mniSvnelobebis 

1 2, ,..., nm m m  da 2 2 2
1 2, ,..., n    dispersiebis erTobliobani, 

aseve korelaciis koeficientebis matrica r . 
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zogad SemTxvevaSi es cnobebi arasakmarisia n -

ganzomilebiani albaTobis simkvrivis asagebad 

.gamonakliss warmoadgens SemTxveva, roca X


 –
mravalganzomilebiani gausis sididea. maSin, ganmartebis 
Tanaxmad 

            

1 2 /2 1/2
1

, 1

1
( , ,..., )

... (2 )

( )( )1
exp ,

2

n n
n

n
i i j j

ij
i ii j

p x x x
r

x m x m
A

r

  

 


 

  
  
 
 



     (6.26) 

sadac r - r matricis ganmsazRvrelia; ijA - r ganmsazRvrelis 

elementis algebruli damateba ijr . 

Ggausis ganawilebis mniSvnelovani Tviseba mdgomare-

obs SemdegSi. vTqvaT veqtori X


Seqmnilia arakorelirebu-
li SemTxveviTi sidideebiT, ase rom r  matricaSi nulis-
gan gansxvavebulia mxolod elementebi mTavar diagonal-

ze: ij ijr     amasTan  1r  , algebruli damateba ij ijA  , 

xolo ij  aris kronekeris simbolo da 
1,

0,
ij

i j

i j



 


.   

warmovadginoT es sidideebi (6.26)-Si, miviRebT 
2

1 2 /2 2
1 1

1 2

( ) ( )1 1
( , ,..., ) exp

2... (2 )

( ) ( )... ( ),

n
i i j j

n n
n ii

n

x m x m
p x x x

p x p x p x

   

  
   
  



  

sadac TiToeuls erTganzomilebian gausis ganawilebebi-

dan aqvs parametrebi , .i im  . 

Aamrigad, Tu gausis erToblioba Seqmnilia arakore-
lirebuli SemTxveviTi sidideebiT, maSin yvela isini 
statistikurad damoukidebelia. 

SemdgomSi xSirad gamoiyeneba organzomilebiani gausis 
albaTobis simkvrive 
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1 2
2

1 2

2 2
1 1 1 1 2 2 2 2

2 2 2
1 21 2

1
( , )

2 1

( ) ( )( ) ( )1
exp 2

2(1 )

p x x
r

x m x m x m x m
r

r

 

  

 


      
     

     

 (6.27) 

sadac 12 21r r r   - 1x  da 2x  Semdgenebis korelaciis koefi- 

cientebia. 

 Ees formula martivdeba, Tu  1 2 0m m    da 

1 2    : 

2 2
1 2 1 1 2 22 22 2

1 1
( , ) exp ( 2 ) .

2(1 )2 1
p x x x rx x x

rr 

 
    

   

 (6.28)  

msgavsi albaTobis simkvrive aisaxeba 
gluvi zedapiriT (ix. nax. 6.10), romelic 

agebulia ( 1 2,x x ) koordinatul sibrtye-

ze. sidide 1 2( , )p x x  aRwevs maqsimums 

koordinatTa saTaveSi. zedapiris 
konfiguracia damokidebulia korela-
ciis r koeficientze. 

                                                nax. 6.10 

6.2.7. mravalganzomilebiani maxasiaTebeli funqcia 

maxasiaTebel funqciaTa cnebebis ganzogadebas warmoadge-
ns Sesabamisi albaTobis simkvrivis furies n -ganzomile-
biani gardaqmna: 

          

 

   

1 2 1 1 2 2

1 1 1 1

( , ,...,. ) exp ...

... exp ... ,..., ...

n n n

n n n n

v v v j x v x v x v

j x v x v p x x dx dx

 

 

       

    
    (6.29) 

Mmravalganzomilebiani maxasiaTebeli funqcia aRwers 
SemTxveviTi sidideebis sistemas sisrulis imave 
xarisxiT, rasac misi mopasuxe albaTobis simkvrive, 
romelic gamoisaxeba furies gardaqmniT: 
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 

 

1 2

1 1 1 1

1
( , ,..., )

2

... ( ,..., ) exp ... ...

n n

n n n n

p x x x

v v j x v x v dv dv



 

 

 

       

  (6.30) 

Tu  1,..., nX X  statistikurad damoukidebeli 

sidideebis erTobliobaa, maSin (6.29)-is safuZvelze 
mravalganzomilebiani maxasiaTebeli funqcia iSleba 
calkeuli SemTxveviTi sidideebis erTganzomilebian 
maxasiaTebel funqciebad: 

1 2

1

( , ..., ) ( )

n

n i i

i

v v v v



         (6.31) 

(funqciis warmodgenas TanamamravTa namravlis saxiT ewodeba am 
funqciis faqtorizacia) 

SeiZleba vaCvenoT, rom mravalganzomilebian gausis 

SemTxveviT sidides  1 2, ,..., nX X X X


 pasuxobs  maxasiaTe-

beli funqcia 

1 2

1 , 1

1
( , ..., ) exp

2

n n

n k k k i ki k i

k k i

v v v j m v r v v 
 

 
   
  
       (6.32) 

sadac km  da 2
k kX SemTxveviTi sididis saSualo mniSvne-

loba da dispersiaa, kir  korelaciuri matricis elementi. 

6.2.8. SemTxveviT sidideTa jamis albaTobis simkvrive 

Tu (6.29) formulaSi davuSvebT 1 2 ... nv v v v    , maSin 

mravalganzomilebiani maxasiaTebeli funqcia gadadis 

1 2 ... nx x x    jamis erTganzomilebian maxasiaTebel 

funqciaSi: 

1 2( ) exp ( ... )nv jv x x x     . 

Aaqedan, Tu SevasrulebT furies ukugardaqmnas, 
SeiZleba vipovoT am jamis albaTobis simkvrive. 

magaliTad, Tu   1,..., nX X  gausis arakorelirebuli (da 

maSasadame damoukidebelic)) SemTxveviTi sidideebia 

TiToeuli km , k  parametrebiT, maSin (6.32)-dan 

gamomdinareobs, rom 
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2 2

1 1

1
( ) exp

2

n n

k k

k k

v jv m v 
 

 
   

  
  .      (6.33) 

(es aris maxasiaTebeli funqciis Tviseba) 
Aam Sedegis SedarebiT (6.16) formulasTan vrwmundebiT, 

rom normaluri SemTxveviTi sidideebis jami ganawile-
bulia aseve normalurad, amasTan SesakrebTa maTemati-
kuri molodini da dispersia jamdeba: 

2 2

1 1

, .

n n

k k

k k

m m m 


 

        (6.34) 

albaTobis TeoriaSi mtkicdeba gacilebiT ufro 
Zlieri debuleba, romelic warmoadgens a.m. liapunovis 
centraluri zRvruli Teoremis arss [21]. Aam Teoremis 
Tanaxmad, damoukidebeli SemTxveviTi sidideebis jamis 
ganawileba, romelTa dispersiebi sasrulia, xolo 
albaTobis ganawilebani nebismieri, zogierTi 
SezRudvebisas, rogorc wesi, Sesrulebad fizikur 
amocanebSi, SesakrebTa ricxvis zrdiT miiswrafis 
gausisken.  

 
 
 


